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HILBERT–KUNZ MULTIPLICITY OF FIBERS AND BERTINI THEOREMS
RANKEYA DATTA AND AUSTYN SIMPSON
ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. We show that if X ⊆ Pnk
is an equidimensional subscheme with Hilbert–Kunz multiplicity less than λ at all points x ∈ X ,
then for a general hyperplane H ⊆ Pnk , the Hilbert–Kunz multiplicity of X ∩H is less than λ at all
points x ∈ X ∩H . This answers a conjecture and generalizes a result of Carvajal-Rojas, Schwede
and Tucker, whose conclusion is the same as ours when X ⊆ Pnk is normal. In the process, we
substantially generalize certain uniform estimates on Hilbert–Kunz multiplicities of fibers of maps
obtained by the aforementioned authors that should be of independent interest.
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1. INTRODUCTION
Recall that theHilbert–Kunz multiplicity of a Noetherian local ring (R,m) of prime characteristic
p > 0, denoted eHK(R), is the limit
eHK(R) := lim
e−→∞
ℓR(R/m
[pe])
pe dimR
.
A natural prime characteristic analogue of the Hilbert–Samuel multiplicity, eHK(R) has been fre-
quently used to study the singularities of R since its proof of existence in [Mon83]. The general
slogan is that the closer eHK(R) is to one, the “better” the singularities of R are. Indeed, under mild
The second author was supported by NSF RTG grant DMS-1246844.
1
2 RANKEYA DATTA AND AUSTYN SIMPSON
assumptions, eHK(R) = 1 precisely when R is regular [WY00], and if eHK(R) is sufficiently close
to 1 then R is F -regular and Gorenstein [BE04, AE08].
The goal of this paper is to prove a Bertini type theorem for the Hilbert–Kunz multiplicity. The
classical Bertini theorem states that if X is a smooth subscheme of Pnk over an algebraically closed
field k, then a general hyperplane section of X is also smooth [Har77, Chapter II, Theorem 8.18].
Inspired by this classical result, one expects the singularities of general hyperplane sections ofX to
not get worse even whenX is singular. Our main theorem confirms this expectation for the Hilbert–
Kunz multiplicity and answers a conjecture of Carvajal-Rojas, Schwede and Tucker [CRST17, Re-
mark 5.6], who obtained a similar result with normality hypotheses [CRST17, Theorem 5.5]:
Main Theorem (Theorem 4.1). Let k be an algebraically closed field of characteristic p > 0, and
let X ⊆ Pnk be an equidimensional subscheme. Fix a real number λ ≥ 1. If eHK(OX,x) < λ for all
x ∈ X, then for a general hyperplane H ⊆ Pnk and for all x ∈ X ∩H , eHK(OX∩H,x) < λ.
The theorem is inspired by the fact that its analogue holds for the Hilbert–Samuel multiplicity of
irreducible subvarieties of Pnk in characteristic 0 [dFEM03, Proposition 4.5], a result usually credited
to Kleiman. However, without irreducibility or normality hypotheses, the Main Theorem requires
substantially more effort to prove.
The primary tool we employ is a well-known framework developed in [CGM86] to establish
Bertini type theorems for local properties of schemes that satisfy some natural axioms. This frame-
work has been successfully used to establish Bertini theorems for properties such as weak nor-
mality in characteristic 0 [CGM86], F -purity and strong F -regularity [SZ13, Corollary 6.7], the
F -signature [CRST17, Theorem 5.4], among others. Experts are well-aware that the axiomatic
framework, which we now summarize, allows one to prove Bertini theorems for more general linear
systems than just those coming from closed immersions. This is also true for the Hilbert–Kunz
multiplicity (see Theorem 4.1). However, we have chosen to emphasize the most interesting case of
Theorem 4.1 in the introduction for simplicity.
1.1. Structure of the proof of the Main Theorem. Cumino, Greco and Manaresi showed that if
P is a local property of Noetherian schemes that satisfies the following two axioms, and X is a
subscheme of Pnk satisfying P , then a general hyperplane section of X also satisfies P [CGM86,
Theorem 1]:
(AX1) Whenever ϕ : Y → Z is a flat morphism with regular fibers and Z is P then Y is P .
(AX2) Letϕ : Y → S be a finite type morphism where Y is excellent and S is integral with generic
point η. If Yη is geometrically P , then there exists an open neighborhood η ∈ U ⊆ S such
that Ys is P for each s ∈ U .
Thus, one way to prove the Main Theorem is to establish (AX1) and (AX2) for the following local
property of a locally Noetherian scheme X:
PHK,λ := eHK(OX,x) < λ, for all x ∈ X, and a fixed real number λ ≥ 1.
That PHK,λ satisfies (AX1) has been known since the 1970s by the work of Kunz (see Theorem
4.5). The main content of our paper is that PHK,λ satisfies (AX2) without normality hypotheses.
The statement of (AX2) suggests that its veracity will depend on whether PHK,λ behaves uniformly
on the nearby fibers of a finite type map, so that we can spread out PHK,λ from the generic to a
general fiber. Luckily for us, this turns out to be the case, and we show that a fairly general class
of finite type ring homomorphisms ϕ : A → R (see Setting 3.2.1 and Theorem 3.2.2) satisfies a
uniform convergence result on the general fibers of ϕ (see Definition 3.1).
The study of uniform behavior is a recurring theme in commutative algebra and algebraic geome-
try, and often connects seemingly unrelated fields. For example, Ein, Lazarsfeld and Smith used the
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theory of multiplier ideals to prove surprising uniform estimates on symbolic power and Abhyankar
valuation ideals [ELS01, ELS03], and their techniques have found wide-ranging applications in the
study of singularities in equal characteristic 0, prime characteristic p > 0, and more recently, even
mixed characteristic (see [HH02, Har05, Tak06, LM09, JM12, Cut14, Li17, Dat17, Blu18, MS18]
for some applications). Moreover, certain uniform Hilbert–Kunz estimates were at the heart of
Tucker’s proof of the existence of F -signature [Tuc12], which is an important prime characteristic
invariant that behaves, in some aspects, like the mirror image of the Hilbert–Kunz multiplicity. Sim-
ilar global uniform estimates were also used by Smirnov to prove the upper semi–continuity of the
Hilbert–Kunz multiplicity [Smi16], a result that will be important in the proof of Theorem 4.1(2).
Thus, we feel that our study of the uniform behavior of Hilbert–Kunz multiplicity of the fibers of a
finite type map is interesting in its own right, and not just for its relevance to (AX2).
Many proofs involving the Hilbert–Kunz multiplicity require great care when dealing with nilpo-
tents. For example, [Mon83] and [Tuc12] first analyze eHK(M) for finitely generated modules over
Rred; more general statements then follow by viewing M = F
e0
∗ R as a module over Rred, for
e0 ≫ 0. Our proof of Theorem 3.2.2 is in the spirit of this idea, but with the added difficulty of
uniformly controlling the Hilbert–Kunz multiplicities of the general fibers of ϕ using the relative
Frobenius map instead of the absolute Frobenius map. An outline is as follows:
(1) Show a uniform convergence result on general fibers of finite type maps A → R with
equidimensional and geometrically reduced generic fibers (see Theorem 3.1.8);
(2) Twist to the above setting. Specifically, for an arbitrary finite type map A → R with
equidimensional generic fibers, pick e0 sufficiently large so that the generic fibers of
A1/p
e0
→ (RA1/pe0 )red
are geometrically reduced and equidimensional, and such that F e0∗ R is a module over
(RA1/pe0 )red (see Lemma 3.2.3);
(3) Untwist the above. That is, show a uniform convergence result on general fibers of arbitrary
finite type maps A→ R with equidimensional generic fibers (see Theorem 3.2.2).
2. PRELIMINARIES
In this section we provide a brief overview of Hilbert–Kunz theory; additionally, we develop
machinery on finite type ring homomorphisms that will be integral to our uniform convergence
techniques in Section 3. For a comprehensive overview of Hilbert–Kunz theory we recommend the
survey article by Huneke [Hun13].
2.1. Notation and prime characteristic preliminaries. We assume all rings are commutative with
unit. If R is a ring and p ∈ SpecR, we denote by κ(p) the residue field of R at p. That is,
κ(p) = Rp/pRp.
If R has prime characteristic p > 0, the e-th Frobenius endomorphism F e : R → R is defined
by r 7→ rp
e
. IfM is an R-module, F e∗M denotes the R-module which agrees withM as an abelian
group but whose R-module structure comes from restricting scalars via F e. That is, if r ∈ R and
m ∈ F e∗M , r ·m = r
pem. We say that R is F -finite if F e is a finite map for some (equivalently, for
all) e > 0.
When R is reduced (in particular, a domain), it is convenient to identify the R-algebra F e∗R with
R1/p
e
, as we feel it makes base change arguments less notationally cumbersome. See Notation 3.2.4
for more on our notational conventions.
For a finitely generatedR-moduleM , we use µR(M) to denote the minimal number of generators
ofM . If (R,m, k) is local, then recall that Nakayama’s lemma implies that µR(M) = dimk(k ⊗R
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M). In particular, ifM,N are finitely generated modules over a local ring R, then µR(M ⊕N) =
µR(M) + µR(N) because vector space dimension is additive over direct sums.
2.2. Hilbert–Kunz multiplicity of a local ring. In what follows, assume that (R,m, k) is a Noe-
therian local ring of prime characteristic p > 0. We use ℓR(M) to denote the length of a finitely
generated Artinian R-module M . Note that for any e ∈ N, F e∗ (−) is exact as it’s a restriction of
scalars. Applying this functor to a filtration ofM immediately yields
ℓR(F
e
∗M) = [k
1/pe : k]ℓR(M). (2.1)
If I ⊆ R is an ideal, denote by I [p
e] = 〈rp
e
| r ∈ I〉. One easily checks that for any R-module
M ,
F e∗ (M/I
[pe]M) ∼= R/I ⊗R F
e
∗M. (2.2)
Definition-Theorem 2.2.1. [Mon83, Theorem 1.8] Let (R,m, k) be a d-dimensional local Noether-
ian ring of characteristic p > 0. SupposeM is a finitely generated R-module, and I is anm-primary
ideal. Then
ℓR(M/I
[pe]M) = eHK(I,M)p
ed +O(pe(d−1).
In particular, the limit eHK(I,M) = lim
e−→∞
eHK(I,M)
ped
exists and is called the Hilbert–Kunz multiplic-
ity ofM with respect to I .
If I = m we denote eHK(M) := eHK(m,M).
The Hilbert–Kunz multiplicity is known to satisfy the analogue of Lech’s conjecture for the
Hilbert–Samuel multiplicity by Hanes’s thesis.
Theorem 2.2.2. [Han99, Theorem 5.2.6] Let (R,m) → (S, n) be a flat local homomorphism of
Noetherian local rings. Then eHK(R) ≤ eHK(S).
2.3. Global Hilbert–Kunz multiplicity. For a Noetherian ring R, we define
γ(R) := max{logp[k(q)
1/p : k(q)] | q ∈ min(R)}, (2.3)
which features in the computation of local Hilbert–Kunz multiplicity in the following manner:
Lemma 2.3.1. Let (R,m, k) be an F -finite Noetherian local ring of prime characteristic p > 0, and
letM be a finitely generated R-module. Then for any e > 0, we have
ℓR(M/m
[pe]M)
pedim(R)
=
µR(F
e
∗M)
peγ(R)
.
In particular,
eHK(M) = lim
e−→∞
µR(F
e
∗M)
peγ(R)
.
Proof. The lemma follows using the identity µR(F
e
∗M) = [k
1/pe : k]ℓR(M/m
[pe]M) which is a
consequence of (2.1), and the identity peγ(R) = [k1/p
e
: k]pedim(R). The latter follows by Proposi-
tion 2.5.4.1(1) applied to a minimal prime of R and the definition of γ(R). 
Remark 2.3.2. F -finiteness of R is essential in Lemma 2.3.1 because without it, F e∗M will not be
a finitely generated R-module even ifM is a finitely generated R-module.
De Stefani, Polstra and Yao’s insight is that the previous lemma globalizes, yielding a robust
notion of Hilbert–Kunz multiplicity for non-local F -finite rings.
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Definition-Theorem 2.3.3. [DSPY19, Theorem 3.16] If R is an F -finite Noetherian ring of prime
characteristic p > 0 (not necessarily local), then for any finitely generated R-moduleM , the limit
lim
e−→∞
µ(F e∗M)
peγ(R)
exists and equals sup{eHK(Mp) | p ∈ ZR}, where ZR = {p ∈ SpecR | ht(p) + logp[k(p)
1/p :
k(p)] = γ(R)}. We call this limit, denoted eHK(M), the (global) Hilbert–Kunz multiplicity ofM .
2.4. Geometrically reduced rings and schemes. Recall that if X is a scheme over a field k, then
X is geometrically reduced over k if the following equivalent conditions hold (see [Sta19, Tag
035X]):
(1) For every field extension k ⊂ k′, X ×Spec(k) Spec(k
′) is reduced.
(2) For every finite purely inseparable extension k ⊂ k′, X ×Spec(k) Spec(k
′) is reduced.
(3) If kperf is the perfect closure of k, then X ×Spec(k) Spec(kperf ) is reduced.
Thus, every reduced scheme over a field of characteristic 0 is automatically geometrically reduced
over that field, and the notion of a geometrically reduced scheme diverges from the notion of reduced
scheme only when the ground field has prime characteristic.
Notation 2.4.1. As is customary, when X is a scheme over a ring A, and B is an A-algebra, then
the notations X ⊗Spec(A) Spec(B),X ⊗A B andXB are all used synonymously. Moreover, if R is
also an A-algebra, then RB denotes R⊗A B.
2.4.2. Geometrically reduced base extensions. The following result is an essential ingredient in
passing from maps with geometrically reduced fibers to ones with arbitrary fibers in Section 3.
Proposition 2.4.2.1. Let A be a domain (not necessarily Noetherian) of prime characteristic p > 0
and let X be a scheme of finite type over Spec(A). Then there exists e > 0 such that(
XA1/pe
)
red
→ Spec(A1/p
e
)
has geometrically reduced generic fiber.
Proposition 2.4.2.1 is formal consequence of a general field theory result that we first summarize
for the convenience of the reader:
Lemma 2.4.2.2. Let X be a scheme over a field k of arbitrary characteristic. Then we have the
following:
(1) [EGAIVII, Proposition (4.6.5)(i)] If K is a field extension of k, then X is geometrically
reduced over k if and only if XK is geometrically reduced over K .
(2) [EGAIVII, Proposition (4.6.6)] If X is of finite type over k, then there exists a finite, purely
inseparable extension k′ of k such that (Xk′)red is geometrically reduced over k
′.
Given Lemma 2.4.2.2, one deduces Proposition 2.4.2.1 as follows:
Proof of Proposition 2.4.2.1. LetK be the fraction field of A. Note that for any e > 0,K1/p
e
is the
fraction field of of A1/p
e
.
By Lemma 2.4.2.2(2), there exists a finite, purely inseparable extension K ′ ofK such that
((XK)⊗K K
′)red = (XK ′)red
is geometrically reduced over K ′. Since K ′ is a finite extension of K , there exists e > 0 such that
K ′ ⊆ K1/p
e
. Then by Lemma 2.4.2.2(1),
(XK ′)red ⊗K ′ K
1/pe
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is geometrically reduced as a scheme over K1/p
e
. In particular, (XK ′)red ⊗K ′ K
1/pe is reduced,
and so,
(XK ′)red ⊗K ′ K
1/pe = (XK ′ ⊗K ′ K
1/pe)red = (XK1/pe )red.
Thus, (XK1/pe )red is geometrically reduced over K
1/pe . But, (XK1/pe )red is precisely the generic
fiber of (XA1/pe )red → Spec(A
1/pe) because
(XA1/pe )red ⊗A1/pe K
1/pe = (XA1/pe ⊗A1/pe K
1/pe)red = (XK1/pe )red.
Here the first equality follows because (XA1/pe )red ⊗A1/pe K
1/pe is reduced since affine locally, it
is the localization of a reduced ring. This completes the proof. 
2.4.3. Geometrically reduced generic fiber and injectivity of relative Frobenius. Let ϕ : A →
R be a homomorphism of rings of prime characteristic p > 0. Recall that the relative Frobenius
FR/A : F∗A⊗A R→ F∗R
is the map that sends a ⊗ r 7→ ϕ(a)rp. A key property of the relative Frobenius as opposed to the
absolute Frobenius is that the former behaves well with respect to base change [SGA5, Expose´ XV,
n◦2, Proposition 1(b)]: if C is an A-algebra then
FR/A ⊗A C = FR⊗AC/C .
Work of N. Radu, M. Andre´ and T. Dumitrescu shows that geometric properties of ϕ are often
related to algebraic properties of FR/A. For example, as a generalization of Kunz’s famous result
characterizing regularity of a Noetherian ring in terms of flatness of the Frobenius map [Kun69,
Theorem 2.1], Radu and Andre´ showed that when A,R are Noetherian, then ϕ is regular (i.e. ϕ is
flat with geometrically regular fibers) if and only if FR/A is a flat map [Rad92, And93]. In a similar
vein, Dumitrescu gave the following characterization of flat maps with geometrically reduced fibers,
also known as reduced maps:
Theorem 2.4.3.1. [Dum95, Theorem 3] Let A → R be a flat map of Noetherian rings of prime
characteristic p > 0. Then the following are equivalent:
(1) A→ R has geometrically reduced fibers.
(2) FR/A is pure as a map of A-modules (hence also injective).
The injectivity of FR/A is used implicitly in the proof of Theorem 3.1.8. One may wonder if one
can weaken A → R having geometrically reduced fibers if all one cares about is the injectivity of
FR/A. This turns out to be the case, at least generically.
Corollary 2.4.3.2. Suppose ϕ : A → R is a homomorphism of Noetherian rings of characteristic
p > 0 such that A is a domain with fraction field K . Consider the following statements:
(1) FR/A is injective.
(2) The generic fiber RK is geometrically reduced overK .
(3) There exists f ∈ A such that ϕf : Af → Rf is flat and has geometrically reduced fibers.
Then (1)⇔ (2) if ϕ is flat, and (2)⇔ (3) if ϕ is of finite type.
Proof. We first prove the equivalence of (1) and (2) assuming ϕ is flat.
(1)⇒ (2): If FR/A is injective, then so is FRK/K = FR/A ⊗A K . Since K is a field, FRK/K is
automatically K-pure, and so, by Theorem 2.4.3.1, RK is a geometrically reduced K-algebra.
(2)⇒ (1): Since RK is geometrically reduced overK , by Theorem 2.4.3.1,
FRK/K : F∗K ⊗A R = F∗K ⊗K RK → F∗RK
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is injective. We also have a commutative diagram
F∗A⊗A R F∗R
F∗K ⊗A R F∗RK
FR/A
FRK/K
,
where the left vertical map is injective because F∗A → F∗K is injective (restriction of scalars of
the localization map) and R is A-flat. Thus, FR/A is also injective by commutativity of the above
diagram.
Now suppose ϕ is of finite type, but not necessarily flat. Then (2) ⇒ (3) follows from generic
freeness [Sta19, Tag 051R] and spreading out of geometric reducedness [Sta19, Tag 0578]. On the
other hand, (3)⇒ (2) holds trivially. 
2.5. Equidimensionality. In this section we discuss various variants of the notion of equidimen-
sionality for rings and schemes. Equidimensionality will play an essential role in our investigation
of uniform behavior of Hilbert–Kunz multplicity of the fibers of a finite type map (see Theorem
3.1.8 and Theorem 3.2.2).
Definition 2.5.1. Let X be a Noetherian scheme such that dim(X) <∞. We say
(1) X is equidimensional if all irreducible components of X have the same dimension.
(2) X is locally equidimensional if for all x ∈ X, Spec(OX,x) is equidimensional.
(3) X is equicodimensional if all minimal irreducible closed subsets of X have the same codi-
mension in X.
(4) X is biequidimensional if all maximal chains of irreducible closed subsets of X have the
same length.
(5) X is weakly biequidimensional if X is equidimensional, equicodimensional and catenary.
If A is a Noetherian ring of finite Krull dimension, we say A is equidimensional (resp. locally
equidimensional, equicodimensional, (weakly) biequidimensional) if Spec(A) has this property.
Remark 2.5.2.
(1) Of the various notions defined above, biequidimensionality is the most well-behaved, and
biequidimensional schemes satisfy many of the pleasing topological properties of reduced
and irreducible affine varieties. However, our definition of biequidimensionality follows
[Hei17] and differs from the standard reference [EGAIVI]. The latter claims that biequidi-
mensionality and weak biequidimensionality coincide [EGAIVI, Proposition (14.3.3)], but
this fails even for spectra of rings that are essentially of finite type over fields [Hei17, Ex-
ample 3.3]. Furthermore, biequidimensional, but not weakly biequidimensional ([Hei17,
Example 4.2]), schemes satisfy the dimension formula [Hei17, Proposition 4.1]: if Z ⊂ X
is an irreducible closed subset, then
dim(Z) + codim(Z,X) = dim(X).
Note biequidimensional schemes are weakly biequidimensional [Hei17, Lemma 2.1].
(2) If X is equidimensional, catenary, with equicodimensional irreducible components, then
X is biequidimensionl [Hei17, Lemma 2.2]. This implies that weak biequidimensionality
coincides with biequidimensionality whenX is irreducible, and that equidimensional finite
type schemes over a field k are biequidimensional. In particular, equidimensional finite type
k-schemes satisfy the dimension formula.
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(3) If X is biequidimensional, then X is locally (bi)equidimensional. For suppose x ∈ X, and
we have two maximal chains of prime ideals of OX,x of length h1 and h2. These maximal
chains both terminate at the maximal idealmx and give us two saturated chains Yh1 ( · · · (
Y0 and Zh2 ( · · · ( Z0 of irreducible closed subsets of X, where Yh1 = {x} = Zh2 and
Y0, Z0 are irreducible components ofX. Both chains can be completed to maximal ones (of
equal length) using the same irreducible closed sets contained in {x}. Therefore h1 = h2,
and so, OX,x is biequidimensional.
Equidimensionality of finite type schemes over fields is preserved under arbitrary base field ex-
tensions, that is, an equidimensional finite type scheme over a field is ‘geometrically equidimen-
sional.’ This is highlighted in the following result.
Proposition 2.5.3. LetX be a scheme which is of finite type over a field k. LetK ⊇ k be any field
extension of k and π : XK → X be the projection map. Then we have the following:
(1) π is surjective and universally open.
(2) The map Z 7→ π(Z) induces a surjective map
{irreducible components of XK}։ {irreducible components of X}.
(3) If Z is an irreducible component of X and Z ′ is an irreducible component of XK such that
π(Z ′) = Z , then dim(Z ′) = dim(Z).
(4) X is (bi)equidimensional if and only if XK is (bi)equidimensional.
Proof. (1) and (2) follow from [GW10, Corollary 5.45]. For (3), we may assume without loss of
generality that X is affine, sayX = Spec(A). Let q be the prime ideal of Spec(AK) corresponding
to the generic point η ∈ Z ′, and let p be the prime ideal of A corresponding to the generic point
ξ ∈ Z . Then q lies over p, and so, by [Sta19, Tag 00P1 and Tag 00P4], it follows that
dim(Z ′) = tr.degK(κ(q)) = dimηXK = dimξX = tr.degk(κ(p)) = dim(Z),
proving (3). Clearly (4) follows from (2) and (3) and the fact that equidimensionality implies
biequidimensionality for finite type schemes over a field (Remark 2.5.2(2)). 
2.5.4. Equidimensionality and inseparability degrees of residue fields. Let A be an F -finite
Noetherian ring of prime characteristic p > 0. Then for any prime ideal p ∈ Spec(A), the residue
field κ(p) is also F -finite. It is therefore natural to study how the p-degrees [κ(p)1/p
e
: κ(p)] vary
for a fixed e > 0, as p varies over Spec(A). Kunz showed that the p-degrees vary in a controlled
manner provided one multiplies [κ(p)1/p
e
: κ(p)] by pedim(Rp) [Kun76, Corollary 2.7]. However,
his result is false in the generality stated. The remedy, as pointed out by Shepherd-Barron [SB78,
Remark on Pg. 562], is to replace equidimensionality by local equidimensionality. We summarize
the (correct) result for the reader’s convenience.
Proposition 2.5.4.1. Let A be an F -finite Noetherian ring of prime characteristic p > 0. Let p ⊆ q
be two prime ideals of A. Then we have the following:
(1) [Kun76, Proposition 2.3] For any e > 0,
[κ(p)1/p
e
: κ(p)] = [κ(q)1/p
e
: κ(q)]pe dim(Aq/pAq).
(2) (c.f. [Kun76, Corollary 2.7] and [SB78, Remark on Pg. 562]) If A is locally equidimen-
sional, then for any e > 0,
[κ(p)1/p
e
: κ(p)]pe dim(Ap) = [κ(q)1/p
e
: κ(q)]pe dim(Aq).
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Hence the function Spec(A)→ N that maps p 7→ [κ(p)1/p
e
: κ(p)]pe dim(Ap) is constant on
each irreducible (also connected) component of Spec(A).
(3) If Spec(A) is irreducible (hence A is locally equidimensional), the constant value of the
function Spec(A) → N from part (3) equals [K1/p
e
: K], where K is the residue field of
the generic point of A.
Proposition 2.5.4.1 allows us to study the inseparability degrees of residue fields of finite exten-
sions of A.
Proposition 2.5.4.2. Let A be an F -finite, Noetherian domain of prime characteristic p > 0 with
fraction field K , and let A ⊆ R be a finite extension. LetMin(A) (resp. Min(R)) denote the set of
minimal primes of A (resp. R). Then we have the following:
(1) If p ∈ Spec(R), then dim(R/p) = dim(R)⇔ p ∩A = (0).
(2) R is equidimensional ⇔ for all p ∈ Min(R), p ∩A = (0).
(3) Suppose A equicodimensional and R is locally equidimensional. Then A is biequidimen-
sional, and if p ∈ Min(R), then for all q ⊇ p,
[κ(q)1/p
e
: κ(q)]pe dim(Rq) = [K1/p
e
: K]pe(dim(R/p)−dim(A)).
(4) If A equicodimensional and R is equidimensional, then R is biequidimensional.
(5) If A is equicodimensional and R is equidimensional, then Spec(R) → N mapping q 7→
[κ(q)1/p
e
: κ(q)]pe dim(Rq) is constant with value [K1/p
e
: K].
(6) If A is equicodimensional, R is locally equidimensional and Spec(R) → N mapping q 7→
[κ(q)1/p
e
: κ(q)]pe dim(Rq) is constant, then R is equidimensional.
Proof. (1) Suppose p ∈ Spec(R). Since A/p ∩ A →֒ R/p is an integral extension, we have
dim(R/p) = dim(A/p ∩ A), and similarly, dim(A) = dim(R). Thus, because A is domain,
dim(R/p) = dim(R)⇔ dim(A/p ∩A) = dim(A)⇔ p ∩A = (0).
(2) follows from (1) because R is equidimensional⇔ for all p ∈ Min(R), dim(R/p) = dim(R).
(3) Since A is an equicodimensional F -finite Noetherian domain, A is biequidimensional by
Remark 2.5.2(2). Local equidimensionality ofR implies by Proposition 2.5.4.1(2) that for all q ⊇ p,
[κ(q)1/p
e
: κ(q)]pe dim(Rq) = [κ(p)1/p
e
: κ(p)]pe dim(Rp) = [κ(p)1/p
e
: κ(p)].
Here the second equality holds because p is a minimal prime by assumption. Finiteness of A ⊆ R
implies that the extension of residue fields κ(p ∩A) →֒ κ(p) is finite. Thus,
[κ(p)1/p
e
: κ(p)] = [κ(p ∩A)1/p
e
: κ(p ∩A)] =
[K1/p
e
: K]
pe dim(Ap∩A)
, (2.4)
where the second equality follows from Proposition 2.5.4.1(3). AsA satisfies the dimension formula
(Remark 2.5.2(1)) and A/p ∩A →֒ R/p is an integral extension, one can then conclude that
dim(Ap∩A) = dim(A) − dim(A/p ∩A) = dim(A)− dim(R/p).
The desired result now follows by (2.4).
(4) R is an F -finite Noetherian ring, hence catenary and equidimensional (by hypothesis). By
Remark 2.5.2(2) it suffices to show that every irreducible component of Spec(R) is equicodimen-
sional. Therefore, let p ∈ Min(R). Part (2) of this proposition implies that A →֒ R/p is a finite
extension. We have to show all maximal ideals of R/p have the same height. Let m be a maximal
ideal of R containing p. Since R/p is locally equdimensional (it is a domain), by part (3) applied to
the finite extension of rings A →֒ R/p and the prime ideals m/p ⊇ (0) of R/p, we get
[κ(m)1/p
e
: κ(m)]pehtm/p = [K1/p
e
: K]pe(dim(R/p)−dim(A)) = [K1/p
e
: K].
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Let m˜ = m ∩A. Using the finite extension κ(m˜) →֒ κ(m) and the previous chain of equalities, we
get
pehtm/p =
[K1/p
e
: K]
[κ(m˜)1/p
e
: κ(m˜)]
= pedim(Am˜) = pe dim(A),
where the second equality follows from Proposition 2.5.4.1(3), and the third equality follows from
equicodimensionality of A because m˜ is a maximal ideal of A. Thus, htm/p = dim(A) is indepen-
dent of the choice of the maximal ideal of R/p, that is, R/p is equicodimensional.
(5) By part (4), R is biequidimensional, and so, R is locally equidimensional (Remark 2.5.2(3)).
Let q ∈ Spec(R) and p ∈ Min(R) such that p ⊆ q. Then by part (3) we have
[κ(q)1/p
e
: κ(q)]pe dim(Rq) = [K1/p
e
: K]pe(dim(R/p)−dim(A)) = [K1/p
e
: K],
where to get the second equality we use part (2).
(6) Let p, p′ ∈ Min(R) such that dim(R/p′) = dim(R) = dim(A). The hypothesis of (6)
implies
[κ(p)1/p
e
: κ(p)] = [κ(p′)1/p
e
: κ(p)],
while part (3) implies that
[κ(p)1/p
e
: κ(p)] = [K1/p
e
: K]pe(dim(R/p)−dim(A)),
and parts (2) and (3) that
[κ(p′)1/p
e
: κ(p′)] = [K1/p
e
: K]pe(dim(R/p
′)−dim(A)) = [K1/p
e
: K].
Thus,
[K1/p
e
: K]pe(dim(R/p)−dim(A)) = [K1/p
e
: K],
that is, dim(R/p) = dim(A) = dim(R). Since p is an arbitrary minimal prime of R, we win! 
2.6. Some constructible properties on the base. For a morphism of schemes f : X → S and a
point s ∈ S, we use Xs to denote the fiber of f over s, that is, Xs = Xκ(s). If F is a sheaf of
OX -modules, then we use Fs to denote the pullback of F along the projection Xs → X.
Let A → R be a finite type map of Noetherian rings. In the proof of Proposition 3.1.8, we will
need to know if a nonzerodivisor on R stays a nonzerodivisor on ‘most’ of the fibers of A → R.
This will follow from the following global result:
Proposition 2.6.1. Let f : X → S be a finite type morphism of Noetherian schemes. Let F ,G be
two quasi-coherent OX -modules of finite presentation, and
u : F → G
be a homomorphism of OX -modules. Then the set of points s ∈ S where us is injective (resp.
surjective, bijective) is constructible in S.
Recall that if X is a Noetherian topological space, a subset E ⊆ X is constructible in X if E
is a finite union of locally closed subsets of X, where we say a subset is locally closed if it is the
intersection of an open and a closed set in X. The notion of a constructible set is a little more
involved when X is not Noetherian; see [EGAIIII, Chapter 0, De´finition (9.1.2)].
Proof of Proposition 2.6.1. By [EGAIVIII, Corollaire (9.4.5)], the set of points of S where u is
injective (resp. surjective, bijective) is locally constructible in S. However, a locally constructible
subset of a Noetherian scheme is constructible by [EGAIIII, Chapter 0, Proposition (9.1.12)]. 
The previous global result has the following local consequence:
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Corollary 2.6.2. Let ϕ : A → R be a finite type map of Noetherian rings. Assume that A is a
domain with K = Frac(A). LetM be a finitely generated R-module. If c ∈ R is a nonzerodivisor
ofM , then the locus of primes p ∈ Spec(A) such that c is a nonzerodivisor ofMκ(p) := M⊗Aκ(p)
contains an open subset of Spec(A).
Proof. Note c is a nonzerodivisor ofM if and only if left-multiplication by c is an injective R-linear
map from M → M . By Proposition 2.6.1, the desired locus is a constructible subset of Spec(A).
This locus contains the generic point of A, because left multiplication by c is also injective onMK
(since RK is a flat R-module). But a constructible subset of an irreducible space that contains the
generic point also contains an open set since a locally closed set that contains the generic point is
open. 
It turns out that the dimension of the irreducible components of fibers is also a constructible
property on the base:
Proposition 2.6.3. ([EGAIVIII, Proposition (9.8.5)] and [EGAIIII, De´finition (9.3.1)]) Let f : X →
S be a finite type morphism of Noetherian schemes. Let Φ be a finite subset of N. Then the set
{s ∈ S : {dim(Z) : Z is an irreducible component of Xs} ⊆ Φ},
is a locally constructible, hence constructible, subset of S.
Proposition 2.6.3 allows us to spread out equidimensionality. We present an affine version below
since this is all we will need in our applications.
Corollary 2.6.4. Let ϕ : A → R be a finite type map of Noetherian rings. Assume that A is a
domain with K = Frac(A). If the generic fiber RK is equidimensional, then the locus of primes
p ∈ Spec(A) such that Rκ(p) is equidimensional contains an open subset of Spec(A).
Proof. Let Φ = {dim(RK)}. By Proposition 2.6.3, the set
Σ := {p ∈ Spec(A) : Rκ(p) is equidimensional of dimension = dim(RK) }
is a constructible subset of Spec(A) containing the generic point. Hence by the same reasoning as
in Corollary 2.6.2, Σ contains an open set. 
3. A UNIFORM BOUND ON HILBERT–KUNZ MULTIPLICITY OF FIBERS
We first define what we mean by uniformly bounding the Hilbert–Kunz multiplicity of fibers.
Definition 3.1. Let ϕ : A →֒ R be a map of Noetherian F -finite rings and F a finitely generated
R-module. We say that the pair (F , ϕ) satisfies uniform boundedness property of Hilbert–Kunz
(UBPH-K) with data (e0, d0) if the following holds: there exists constants e0 ≥ 0, d0 ≥ 0 and
C > 0 along with some 0 6= g ∈ A, such that for every p ∈ SpecAg, e > e0, d > d0 and
x ∈ Spec(R
k(p)1/pd
)∣∣∣∣∣∣∣∣∣∣∣∣
eHK
(
F
k(p)1/p
d
,x
)
−
ℓR
k(p)1/p
d
,x
 Fk(p)1/pd ,x
P[p
e]
(
F
k(p)1/p
d
,x
)

p
edim
(
R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣∣∣∣∣∣
≤
C
pe
(3.1)
where P denotes the maximal ideal of R
k(p)1/pd ,x
, and eHK is computed with respect to the local
ring R
κ(p)1/p
d
,x
.
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Remark 3.2.
(1) The point of introducing the UBPH-K definition is that it gives us a way to uniformly com-
pare the local Hilbert–Kunz multiplicities of purely inseparable base field extensions of the
fiber rings Rκ(p), for p in some open subset of Spec(A). Such a uniform comparison is
crucial for proving (A2′) (see See Theorem 4.1.2).
(2) Using Lemma 2.3.1, the inequality in (3.1) can be re-expressed in the following equivalent
manner: ∣∣∣∣∣∣∣eHK
(
F
k(p)1/p
d
,x
)
−
µR
k(p)1/p
d
,x
(
F e∗
(
F
k(p)1/p
d
,x
))
p
eγ(R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣ ≤
C
pe
, (3.2)
where γ(R
k(p)1/p
d
,x
) = max{logp[κ(Q)
1/p : κ(Q)] | Q ∈ min(R
k(p)1/p
d
,x
)}.
3.1. Uniform boundedness of Hilbert–Kunz and geometrically reduced fibers. In this subsec-
tion, we will focus on the following setting:
Setting 3.1.1. Let A be an F -finite Noetherian ring of prime characteristic p > 0, such that the
regular (equivalently, reduced) locus of A is non-empty. Let ϕ : A → R be a ring homomorphism
of finite type such that the generic fibers of ϕ are equidimensional and geometrically reduced.
Remarks 3.1.2. The hypotheses of Setting 3.1.1 have the following consequences we will repeat-
edly use in our proofs of uniform estimates.
(1) If A is as in Setting 3.1.1, then for any f ∈ A, such that Reg(A) ∩D(f) 6= ∅, Af is also
in Setting 3.1.1. Moreover, the induced map ϕf : Af → Rf also satisfies the hypotheses of
Setting 3.1.1. Thus, we may freely localize ϕ at elements of A to make A and ϕ nicer.
(2) In our setting, Reg(A) is a non-empty open subset of Spec(A) since A is excellent. Hence
there exists f ∈ A such that Af is regular. Since a regular Noetherian ring is a finite product
of regular domains, one can even choose f such that Af is a regular domain.
The goal of this subsection is to show that if ϕ is as in Setting 3.1.1, then for any finitely generated
R-module F , the pair (F , ϕ) satisfies UBPH-K with data (0, 0) (Theorem 3.1.8). For this we will
need the following lemmas.
Notation 3.1.3. Under Setting 3.1.1, if B is an A-algebra and M is an R-module, then MB will
denote the RB := R⊗A B-moduleM ⊗A B.
Lemma 3.1.4. [PT18, 3.5] Let p be a prime number, d ∈ N, and {λe}e∈N be sequence of real
numbers so that
{
1
ped
λe
}
e∈N
is bounded. If there exists a positive constant C ∈ R so that∣∣∣∣ 1p(e+1)dλe+1 − 1pedλe
∣∣∣∣ ≤ Cpe
for all e ∈ N, then the limit
λ := lim
e−→∞
1
ped
λe
exists and ∣∣∣∣ 1pedλe − λ
∣∣∣∣ ≤ 2Cpe
for all e ∈ N.
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The following well-known lemma is implicit in the proof of [Tuc12, Lemma 3.3]; we include a
proof for the sake of completeness.
Lemma 3.1.5. LetR be a d-dimensional reduced ring. Suppose thatM andN are finitely generated
R-modules such that Mp ∼= Np for every p ∈ Min(R), where Min(R) denotes the set of minimal
primes of R. Then there exists c ∈ R−
⋃
Min(R)
p and exact sequences of R-modules
M → N →M1 → 0
N →M →M2 → 0
such that (M1)c = (M2)c = 0.
Proof. LetW := R−
⋃
Min(R)
p so thatW−1R =
∏
Min(R)
Rp, a finite product of fields. By assumption,
W−1M ∼= W−1N . As W−1HomR(M,N) = HomW−1R(W
−1M,W−1N), there exists ϕ :
M → N (and symmetrically ψ : N →M ) such thatW−1ϕ andW−1ψ are isomorphisms. Letting
M1 := cokerϕ and M2 := cokerψ, we have W
−1M1,W
−1M2 = 0. Since M1,M2 are finitely
generated as R-modules, the claim follows. 
Lemma 3.1.6. Let A→ R be a flat map of Noetherian F -finite rings of prime characteristic p > 0.
Suppose A is a domain with Frac(A) = K . Then for any minimal prime ideal q of R, RA1/p,q is a
free Rq-module of rank [K
1/p : K].
Proof. Let p := q ∩A. Since Ap →֒ Rq is faithfully flat, by Going-Down and the minimality of q,
p = (0).
Since RK1/p is a free RK-module of rank [K
1/p : K], upon localizing at q, it follows that
RA1/p,q = (RA1/p,p)q = (RK1/p)q
is also a free Rq = (Rp)q = (RK)q-module of rank [K
1/p : K]. 
Theorem 3.1.7. [PTY] LetA be a Noetherian ring of characteristic p > 0 andR a finitely generated
A-algebra. Then for all finitely generated R-modulesM , there exists a positive constant C with the
following property: for all primes p ∈ SpecA, all regular k(p)-algebras Γ, all P ∈ Spec(RΓ), and
all e ≥ 1, we have
ℓRΓ,P((MΓ)P/P
[pe](MΓ)P) ≤ Cp
edim((MΓ)P).
Theorem 3.1.8. Let ϕ : A →֒ R be as in Setting 3.1.1. For any finitely generated R-module F , the
pair (F , ϕ) satisfies UBPH-K with data (0, 0). In particular, so does (R,ϕ).
Proof. If we localize ϕ at an element f ∈ A, then the map Af → Rf still satisfies the hypothe-
ses of Setting 3.1.1 (see Remark 3.1.2(1)). Thus, we may replace A by Af and R by Rf freely
because UBPH-K is impervious to such localizations. In this proof, we will make a series of such
localizations to make both A and ϕ nicer.
As a first step, after localizing A at a suitable element, we may assume that A is a regular domain
(Remark 3.1.2(2)). For the rest of the proof, we set
K := Frac(A).
Note that Setting 3.1.1 assumes that RK is geometrically reduced and equidimensional. By Corol-
lary 2.4.3.2 and Corollary 2.6.4 we may invert a further element of A to assume that all fibers of
ϕ are geometrically reduced, equidimensional of dimension = dim(RK), and that R is free, hence
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faithfully flat [Sta19, Tag 051R]. By Noether normalization for a finite type extension of a domain,
there exists f ∈ A and elements t1, . . . , tδ ∈ Rf such that t1, . . . , tδ are transcendental over Af and
Rf is a module finite extension of Af [t1, . . . , tδ].
1
In summary, we may assume ϕ : A→ R is a faithfully flat, finite type map where A is a regular,
F -finite domain, R is a module-finite extension of a polynomial subalgebra A[t1, . . . , tδ] (hence
δ = dim(R) − dim(A)), and all the fibers of ϕ are equidimensional and geometrically reduced.
Moreover, as a consequence of the Direct-Summand Theorem, we know that A[t1, . . . , tδ] →֒ R
splits. This means that for all p ∈ Spec(A), the fiber Rκ(p) is a module-finite extension of the
polynomial ring κ(p)[t1, . . . , tδ]. In particular, all fibers of A→ R have dimension δ.
Let q be a minimal prime of R. Since RK is geometrically reduced, RA1/p is reduced (hence so
is R). Moreover, since R→ RA1/p is purely inseparable, RA1/p,q is a field because Rq is a field and
RA1/p,q is reduced. The injective relative Frobenius (Corollary 2.4.3.2)
FR/A : RA1/p →֒ R
1/p
gives us a tower of field extensions Rq →֒ RA1/p,q →֒ R
1/p
q . Then
[R
1/p
q : RA1/p,q] =
[R
1/p
q : Rq]
[RA1/p,q : Rq]
=
[R
1/p
q : Rq]
[K1/p : K]
.
Here the equality [RA1/p,q : Rq] = [K
1/p : K] follows from Lemma 3.1.6. Since RK is an
equidimensional module-finite extension of K[t1, . . . , tδ], an application of Proposition 2.5.4.2(5)
to the finite mapK[t1, . . . , tδ] →֒ RK then shows that
[R
1/p
q : Rq] = [κ(q)
1/p : κ(q)]pdim(Rq) = [K(t1, . . . , tδ)
1/p : K(t1, . . . , tδ)] = [K
1/p : K]pδ.
In particular, for every minimal prime ideal q of R, we then have
[R
1/p
q : RA1/p,q] = p
δ.
Similarly, for all e ≥ 0,
R
1/pe
q
∼= R
⊕peδ
A1/p
e
,q
(3.3)
as RA1/p,q-vector spaces.
For theR-module F , we use the notation F1/p to denote theR-module whose underlying abelian
group is the same as F , but whose R-linear structure is obtained by restriction of scalars via F :
R→ F∗R. Consider the two RA1/p-modules F
1/p and F⊕p
δ
⊗R RA1/p = F
⊕pδ
A1/p
. For any minimal
prime q of R,
dimR
A1/p,q
(F
1/p
q ) = dimR1/pq
(F
1/p
q )[R
1/p
q : RA1/p,q] = dimRq(Fq)p
δ, and
dimR
A1/p,q
((F⊕p
δ
A1/p
)q) = dimR
A1/p,q
(F⊕p
δ
q ⊗Rq RA1/p,q) = dimRq(Fq)p
δ.
1The form of Noether normalization used here is perhaps less familiar to the reader. A simple proof may be found in
the notes of Mel Hochster: Noether normalization for domains. The result also appears in [Sta19, Tag 07NA], but with
the additional hypothesis that the target is a domain, even though this hypothesis does not seem to be used in the proof.
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Thus, for any minimal prime q of R, F
1/p
q
∼= (F
⊕pδ
A1/p
)q as RA1/p,q-vector spaces. Hence, applying
Lemma 3.1.5 toM = F⊕p
δ
A1/p
and N = F1/p, there exist exact sequences
F⊕p
δ
A1/p
→ F1/p →M1 → 0
F1/p → F⊕p
δ
A1/p
→M2 → 0 (3.4)
of finiteRA1/p-modules (hence also of finiteR-modules), and c ∈ R in the complement of the union
of the minimal primes of R such that
(Mi)c = 0.
As R is reduced, c is a nonzerodivisor of R. Thus, Corollary 2.6.2 implies that after further
localizing A at some element, we may assume that for all p ∈ Spec(A), c is a nonzerodivisor on
the fiber Rκ(p). In particular, for all d > 0 and for all x ∈ Spec(Rκ(p)1/pd ), since we have flat maps
Rκ(p) → Rκ(p)1/pd → Rκ(p)1/pd ,x, the image of c inRκ(p)1/pd ,x is also a nonzerodivisor. The upshot
of these observations is that for all p ∈ Spec(A), d > 0, x ∈ Spec(R
κ(p)1/p
d ),
dim
(
Mi ⊗R
A1/p
R
κ(p)1/pd ,x
)
< dim(R
κ(p)1/pd ,x
), (3.5)
because Mi ⊗R
A1/p
R
κ(p)1/p
d
,x
is annihilated by a nonzerodivisor of R
κ(p)1/p
d
,x
. For simplicity of
notation in what follows, note that for d > 0,
Mi ⊗R
A1/p
R
κ(p)1/p
d
∼= Mi ⊗A1/p κ(p)
1/pd andMi ⊗R
A1/p
R
κ(p)1/p
d
,x
∼= (Mi ⊗A1/p κ(p)
1/pd)x.
We next claim that for all d, e ≥ 0,
[κ(x)1/p
e
: κ(x)]p
e dim
(
R
κ(p)1/p
d
,x
)
= [κ(p)1/p
e
: κ(p)]peδ . (3.6)
To see this, let x˜ be the unique point of Spec(Rκ(p)) that corresponds to x ∈ Spec(Rκ(p)1/pd ). Then
[κ(x)1/p
e
: κ(x)]p
e dim
(
R
κ(p)1/p
d
,x
)
= [κ(x˜)1/p
e
: κ(x˜)]pe dim
(
Rκ(p),x˜
)
.
Since Rκ(p) is equidimensional, applying Proposition 2.5.4.2(5) to the finite extension
κ(p)[t1, . . . , tδ] →֒ Rκ(p)
shows that
[κ(x˜)1/p
e
: κ(x˜)]pedim
(
Rκ(p),x˜
)
= [κ(p)(t1, . . . , tδ)
1/pe : κ(p)(t1, . . . , tδ)] = [κ(p)
1/pe : κ(p)]peδ ,
thereby establishing (3.6).
Now apply−⊗A1/pκ(p)
1/pd+1 to the sequences in (3.4) to obtain exact sequences ofR
κ(p)1/pd+1
-
modules
(F
κ(p)1/pd+1
)⊕p
δ
→ F1/p ⊗A1/p κ(p)
1/pd+1 →M1 ⊗A1/p κ(p)
1/pd+1 → 0
F1/p ⊗A1/p κ(p)
1/pd+1 → (F
κ(p)1/p
d+1 )⊕p
δ
→M2 ⊗A1/p κ(p)
1/pd+1 → 0. (3.7)
Because [κ(p)1/p
d+1
: κ(p)1/p
d
] = [κ(p)1/p : κ(p)], we have that R
κ(p)1/p
d+1 is free of rank
[κ(p)1/p : κ(p)] over R
κ(p)1/p
d . Note also that
F1/p ⊗A1/p κ(p)
1/pd+1 ∼= (F ⊗A κ(p)
1/pd)1/p = (F
κ(p)1/pd
)1/p.
We therefore view (3.7) as sequences of R
κ(p)1/p
d -modules.
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Localizing at x ∈ Spec(Rκ(p)), we obtain exact sequences of Rκ(p)1/pd ,x-modules
(F
κ(p)1/p
d
,x
)⊕p
δ[κ(p)1/p:κ(p)] ψ1→ (F
κ(p)1/p
d
,x
)1/p →
(
M1 ⊗A1/p κ(p)
1/pd
)⊕[κ(p)1/p:κ(p)]
x
→ 0
(F
κ(p)1/pd ,x
)1/p
ψ2
→ (F
κ(p)1/pd ,x
)⊕p
δ[κ(p)1/p:κ(p)] →
(
M2 ⊗A1/p κ(p)
1/pd
)⊕[κ(p)1/p:κ(p)]
x
→ 0
whose cokernels are also annihilated by the nonzerodivisor c in R
κ(p)1/p
d
,x
.
Now let
P := max ideal of R
κ(p)1/p
d
,x
.
As
(
P[p
e]
)[p]
= P[p
e+1] and Φ
((
P[p
e+1]
)1/p
(F
κ(p)1/p
d
,x
)1/p
)
⊆ P[p
e]F
κ(p)1/p
d
,x
for every
Φ ∈ HomR
κ(p)1/p
d
,x
((
(F
κ(p)1/p
d
,x
)
)1/p
,F
κ(p)1/p
d
,x
)
,
upon tensoring by R
κ(p)1/pd ,x
/P[p
e], the ψi induce linear maps(
F
κ(p)1/p
d
,x
/P[p
e]
)⊕pδ[κ(p)1/p:κ(p)] ψ1,e
→
(
(F
κ(p)1/p
d
,x
)1/p/P[p
e+1]
)1/p
(
(F
κ(p)1/pd ,x
)1/p/P[p
e+1]
)1/p ψ2,e
→
(
F
κ(p)1/pd ,x
/P[p
e]
)⊕pδ[κ(p)1/p:κ(p)]
with
cokerψi,e =
(Mi ⊗A1/p κ(p)
1/pd)x
P[p
e](Mi ⊗A1/p κ(p)
1/pd)x
.
Theorem 3.1.7 applied to A1/p → RA1/p with the RA1/p-modules Mi and the regular A
1/p-
algebra Γ := κ(p)1/p
d
implies the existence of a C˜ > 0 (independent of p, d, and x) such that for
i = 1, 2, and for all e > 0,
ℓR
κ(p)1/p
d
,x
(cokerψi,e) = ℓR
κ(p)1/p
d
,x
(
(Mi ⊗A1/p κ(p)
1/pd)x
P[p
e](Mi ⊗A1/p κ(p)
1/pd)x
)
3.1.7
≤ C˜p
edim
(
(Mi⊗A1/pκ(p)
1/pd )x
)
(3.5)
≤
C˜p
edim(R
κ(p)1/p
d
,x
)
pe
, (3.8)
where by dim(Mi ⊗A1/p κ(p)
1/pd) we mean its dimension as an R
κ(p)1/p
d -module.
Letting ℓ(−) denote length over R
κ(p)1/p
d
,x
, it follows that∣∣∣∣pδ[κ(p)1/p : κ(p)]ℓ(Fκ(p)1/pd ,x/P[pe])− ℓ((Fκ(p)1/pd ,x/P[pe+1])1/p)
∣∣∣∣
(2.1)
=
∣∣∣pδ[κ(p)1/p : κ(p)]ℓ(Fκ(p)1/pd ,x/P[pe])− [κ(x)1/p : κ(x)]ℓ(Fκ(p)1/pd ,x/P[pe+1])∣∣∣
≤ max
i=1,2
{ℓ(cokerψi,e)}
(3.8)
≤
C˜p
edim(R
κ(p)1/p
d
,x
)
pe
.
HILBERT–KUNZ MULTIPLICITY OF FIBERS AND BERTINI THEOREMS 17
Dividing both sides of the above chain of inequalities by [κ(x)1/p : κ(x)]p
(e+1) dim(R
κ(p)1/p
d
,x
)
, and
using the identity
[κ(x)1/p : κ(x)]p
dim(R
κ(p)1/p
d
,x
)
= [κ(p)1/p : κ(p)]pδ (3.9)
established in (3.6), we then get∣∣∣∣∣∣
ℓ(F
κ(p)1/pd ,x
/P[p
e])
p
edim(R
κ(p)1/p
d
,x
)
−
ℓ(F
κ(p)1/pd ,x
/P[p
e+1])
p
(e+1) dim(R
κ(p)1/p
d
,x
)
∣∣∣∣∣∣ ≤ C˜pe[κ(p)1/p : κ(p)]pδ ≤ C˜pepδ . (3.10)
The result follows from Lemma 3.1.4 taking C := 2C˜
pδ
. 
Corollary 3.1.9. If F is a finitely generated Rred-module, where A → Rred is as in Setting 3.1.1,
then (F , A→ R) satisfies UBPH-K with data (0, 0).
Proof. For any p ∈ Spec(A), (Rred)κ(p)1/pd is a quotient of Rκ(p)1/pd by a nilpotent ideal. Thus,
for any x ∈ Spec(R
κ(p)1/pd
), if x˜ ∈ Spec((Rred)κ(p)1/pd ) is the prime corresponding to x, then
dim
(
(Rred)κ(p)1/pd ,x˜
)
= dim
(
R
κ(p)1/pd ,x
)
.
Since F is an Rred-module by hypothesis, it follows that
F
κ(p)1/p
d
,x
= F
κ(p)1/p
d
,x˜
as (Rred)κ(p)1/pd ,x˜-modules. In particular, if P (resp. P˜) is the maximal ideal of Rκ(p)1/pd ,x (resp.
(Rred)κ(p)1/pd ,x˜), then for any e > 0,
ℓR
κ(q)1/p
d
,x
(
F
κ(q)1/pd ,x
P[p
e](F
κ(q)1/p
d
,x
)
)
= ℓ(Rred)
κ(p)1/p
d
,x˜
 Fκ(p)1/pd ,x˜
P˜[p
e](F
κ(p)1/p
d
,x˜
)
 ,
and so, the Hilbert–Kunz multiplicity of the R
κ(p)1/p
d
,x
-module F
κ(p)1/p
d
,x
coincides with the
Hilbert–Kunz multiplicity of the (Rred)κ(p)1/pd ,x˜-module Fκ(p)1/pd ,x˜.
By Theorem 3.1.8, (F , A → Rred) satisfies UBPH-K with data (0, 0). Invert an element of A
and obtain a constant C > 0 as in Theorem 3.1.8. Then by the above discussion, for all d, e > 0,
for all p ∈ Spec(Ag) and all x ∈ Spec(Rκ(p)1/pd ) (with corresponding x˜ ∈ Spec((Rred)κ(p)1/pd ))
we have ∣∣∣∣∣∣∣∣∣∣∣∣
eHK
(
F
k(p)1/p
d
,x
)
−
ℓR
k(p)1/p
d
,x
 Fk(p)1/pd ,x
P[p
e]
(
F
k(p)1/p
d
,x
)

p
edim
(
R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣∣∣∣
eHK
(
F
k(p)1/pd ,x˜
)
−
ℓ(Rred)
k(p)1/p
d
,x˜
 Fk(p)1/pd ,x˜
P˜[p
e]
(
F
k(p)1/p
d
,x˜
)

p
edim
(
(Rred)
k(p)1/p
d
,x˜
)
∣∣∣∣∣∣∣∣∣∣∣∣
≤
C
pe
.
Thus, (F , A→ R) satisfies UBPH-K with data (0, 0), as claimed. 
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3.2. Uniform boundedness of Hilbert–Kunz and non-reduced fibers. In this subsection, we ob-
tain a partial generalization of Theorem 3.1.8 for finite type maps of F -finite Noetherian rings
whose fibers are not necessarily geometrically reduced. Our generalization is partial since we can-
not obtain UBPH-K with data (0, 0) on the nose. However, in the study of asymptotic behavior of
Hilbert–Kunz multiplicity, one often only needs UBPH-K with data (d, e), for d, e≫ 0, and we can
successfully obtain UBPH-K up to such a large choice of d and e (see Theorem 3.2.2).
First, we fix the setting in which we will work throughout this subsection.
Setting 3.2.1. Let ϕ : A →֒ R be a finite type map of F -finite rings such that the regular locus of
A is non-empty, and ϕ has equidimensional generic fibers.
The difference between Setting 3.1.1 and Setting 3.2.1 is that in the latter, we no longer assume that
the generic fibers of ϕ are geometrically reduced.
Our goal in this section is to prove the following result:
Theorem 3.2.2. Let ϕ : A →֒ R be as in Setting 3.2.1. Then there exists e0 > 0 such that (R,ϕ)
satisfies UBPH-K with data (e0, e0).
The proof of Theorem 3.2.2 relies on Theorem 3.1.8, where the generic fibers of ϕ are geometri-
cally reduced. In order to make the transition from arbitrary equidimensional generic fibers to ones
with equidimensional and geometrically reduced generic fibers, we will use the following lemma:
Lemma 3.2.3. Let ϕ : A→ R be as in Setting 3.2.1. Then there exists f ∈ A and e0 > 0 such that:
(1) Af is a regular domain and (RA1/p
e0
f
)red is flat over A
1/pe0
f .
(2) The generic fiber of A
1/pe0
f → (RA1/p
e0
f
)red (equivalently, of A
1/pe0 → (RA1/pe0 )red) is
geometrically reduced.
(3) F e0∗ (Rf ) is an (RA1/p
e0
f
)red-algebra.
Notation 3.2.4. IfR is a domain, we prefer to useR1/p
e
instead of F e∗ (R), while ifR is not reduced,
we use F e∗ (R). Sometimes this leads to a combination of F
e
∗ ’s and ( )
1/pe’s appearing in the same
expression. We hope this does not cause any confusion.
Proof of Lemma 3.2.3. After localizing A at a suitable element, we may assume that A is a regular
domain (Remark 3.1.2(2)) with fraction field K . Let e0 > 0 be as in Proposition 2.4.2.1 so that the
generic fiber of the composition
A1/p
e0
ϕ
A1/p
e0
−−−−−→ RA1/pe0
pi
−→ (RA1/pe0 )red
is geometrically reduced. Since π ◦ϕA1/pe0 is of finite type and A
1/pe0 is now a domain, by generic
freeness [Sta19, Tag 051R] wemay invert an element of the regular domainA (because A→ A1/p
e0
is purely inseparable) so that ((RA1/pe0 )red)f is a free, hence faithfully flat, A
1/pe0
f -module. As
localization commutes with taking nilradicals, we have
((RA1/pe0 )red)f = (RA1/p
e0
f
)red.
Note that (π ◦ ϕA1/pe0 )f = πf ◦ ϕA1/p
e0
f
also has geometrically reduced generic fiber.
Fix any e ≥ e0, and consider the map
R
A
1/pe0
f
→ R
A
1/pe
f
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induced by base change of the map A
1/pe0
f → A
1/pe
f . We claim that
(R
A
1/pe
f
)red = RA1/p
e
f
⊗R
A
1/pe0
f
(R
A
1/pe0
f
)red, (3.11)
that is, the nilradical of R
A
1/pe0
f
expands to the nilradical of R
A
1/pe
f
.
Observe that R
A
1/pe
f
⊗R
A
1/pe0
f
(R
A
1/pe0
f
)red = A
1/pe
f ⊗A1/p
e0
f
(R
A
1/pe0
f
)red. Since the generic
fiber,
K1/p
e0
⊗
A
1/pe0
f
(R
A
1/pe0
f
)red,
of (π ◦ ϕA1/pe0 )f is geometrically reduced, it follows that for the field extension K
1/pe ofK1/p
e0 ,
K1/p
e
⊗
A
1/pe0
f
(R
A
1/pe0
f
)red = K
1/pe ⊗K1/pe0
(
K1/p
e0
⊗
A
1/pe0
f
(R
A
1/pe0
f
)red
)
is reduced. By flatness of the A
1/pe0
f -module (RA1/p
e0
f
)red, we then have that
R
A
1/pe
f
⊗R
A
1/pe0
f
(R
A
1/pe0
f
)red = A
1/pe
f ⊗A1/p
e0
f
(R
A
1/pe0
f
)red
is a subring of the reduced ring K1/p
e
⊗
A
1/pe0
f
(R
A
1/pe0
f
)red, proving the claim. Furthermore,
(R
A
1/pe
f
)red = A
1/pe
f ⊗A1/p
e0
f
(R
A
1/pe0
f
)red
is flat over A
1/pe
f by base change, and the generic fiber of A
1/pe
f → (RA1/p
e
f
)red is geometrically
reduced since it is a base change of the generic fiber of A
1/pe0
f → (RA1/p
e0
f
)red.
For the R
A
1/pe0
f
-algebra F e0∗ (Rf ), choose e1 ≫ 0 such that the image of the nilradical of
F e0∗ (Rf ), hence also of RA1/p
e0
f
, is killed in F e0+e1∗ (Rf ). Thus, F
e0+e1
∗ (Rf ) is an (RA1/p
e0
f
)red-
algebra. Since the nilradical of R
A
1/pe0
f
expands to the nilradical of R
A
1/pe0+e1
f
by our discussion
above, it follows that F e0+e1∗ (Rf ) is also an (R
A
1/pe0+e1
f
)red-algebra. Furthermore, we also show in
the previous paragraph that (R
A
1/pe0+e1
f
)red is flat over A
1/pe0+e1
f and A
1/pe0+e1
f → (RA1/p
e0+e1
f
)red
has geometrically reduced generic fiber. Then relabelling e0 + e1 as e0, we win! 
We can now prove Theorem 3.2.2.
Proof of Theorem 3.2.2. Since R is F -finite, for any e > 0, the relative Frobenius
F eR/A : RA1/pe → F
e
∗ (R)
is a finite map. The generic fibers of A1/p
e ϕA1/pe−−−−→ RA1/pe are equidimensional since these fibers
are purely inseparable extensions of the generic fibers of A → R, and the latter are equidimen-
sional by the hypotheses of Setting 3.2.1. Consequently, the generic fibers of the composition
A1/p
e ϕA1/pe−−−−→ RA1/pe
pi
−→ (RA1/pe )red are also equidimensional, because these fibers are obtained
by killing nilpotents of the corresponding generic fibers of ϕA1/pe .
After inverting 0 6= f ∈ A and choosing e0 ≫ 0 as in Lemma 3.2.3 and the proof of Theorem
3.1.8, we may assume that
(1) A, hence A1/p
e0 , are regular domains,
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(2) the generic fibers of A1/p
e0
pi◦ϕ
A1/p
e0
−−−−−−−→ (RA1/pe )red are geometrically reduced,
(3) (F e0∗ (R), ϕA1/pe ) satisfies UBPH-K with data (0, 0) (by Corollary 3.1.9),
(4) All the fibers of ϕA1/pe0 : A
1/pe0 → RA1/pe0 are equidimensional and RA1/pe0 is module-
finite over a Noetherian normalization A1/p
e0 [t1, . . . , tδ], where δ = dim(RA1/pe0 ) −
dim(A1/p
e0 ) = dim(R)− dim(A).
Observe that for any p ∈ Spec(A1/p
e0 ) (here we choose p ∈ Spec(A1/p
e0 ) and not in Spec(A)),
d > 0, x ∈ Spec(R
κ(p)1/p
d ) and e > e0, letting
P := xR
κ(p)1/p
d
,x
be the maximal ideal of (RA1/pe0 ⊗A1/pe0 κ(p)
1/pd)x = (R⊗A κ(p)
1/pd)x = Rκ(p)1/pd ,x, one has
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e]
)
=
ℓR
κ(p)1/p
d
,x
((
F e0R
κ(p)1/p
d
,x
)
∗
(
R
κ(p)1/p
d
,x
P[p
e]
))
[κ(x)1/p
e0 : κ(x)]
=
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
,x
(
F e0R
κ(p)1/p
d
,x
)
∗
(
R
κ(p)1/p
d
,x
))
[κ(x)1/p
e0 : κ(x)]
=
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
,x
(
F e0∗ (R)⊗A1/pe0 κ(p)
1/pd+e0
)
x
)
[κ(x)1/p
e0 : κ(x)]
=
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
,x
(
F e0∗ (R)⊗A1/pe0 κ(p)
1/pd
)⊕[κ(p)1/pe0 :κ(p)]
x
)
[κ(x)1/p
e0 : κ(x)]
=
[κ(p)1/p
e0 : κ(p)]
[κ(x)1/p
e0 : κ(x)]
· ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
,x
(
F e0∗ (R)⊗A1/pe0 κ(p)
1/pd
)
x
)
=
pdim(Rκ(p)1/pd ,x)
pδ
e0 · ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
,x
(
F e0∗ (R)⊗A1/pe0 κ(p)
1/pd
)
x
)
=
pdim(Rκ(p)1/pd ,x)
pδ
e0 · ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/pd ,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
(
F e0∗ (R)⊗R
A1/p
e0
R
κ(p)1/p
d
))
.
Here the first equality follows from (2.1) and the second equality follows from (2.2). For the fourth
equality, note that we have an isomorphism
F e0∗ (R)⊗A1/pe0 κ(p)
1/pe0+d ∼=
(
F e0∗ (R)⊗A1/pe0 κ(p)
1/pd
)⊕[κ(p)1/pe0 :κ(p)]
which is linear over F e0∗ (R)⊗A1/pe0 κ(p)
1/pd , hence also over
R
κ(p)1/pd
= RA1/pe0 ⊗A1/pe0 κ(p)
1/pd (3.12)
by restriction of scalars via the map
F e0R/A ⊗A1/pe0 κ(p)
1/pd : RA1/pe0 ⊗A1/pe0 κ(p)
1/pd → F e0∗ (R)⊗A1/pe0 κ(p)
1/pd .
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The penultimate equality follows by applying (3.6) to the map A1/p
e0
ϕ
A1/p
e0
−−−−−→ RA1/pe0 – here we
are using the fact that ϕA1/pe0 satisfies all the nice properties listed in the beginning of the proof of
this theorem in order for (3.6) to hold. The final equality follows from (3.12).
Now let C˜ be the constant obtained because the pair (F e0∗ (R), ϕA1/pe0 ) satisfies UBPH-K with
data (0, 0), and let
G := F e0∗ (R)⊗R
A1/p
e0
R
κ(p)1/p
d .
Thus, there exists g ∈ A such that for any p ∈ D(g) ⊆ Spec(A1/p
e0 ), e > e0, d > 0, x ∈
Spec(R
κ(p)1/pd
), one has∣∣∣∣∣∣∣∣eHK (Gx)−
ℓR
k(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
G
)
p
(e−e0) dim
(
R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣∣ ≤
C˜
p(e−e0)
.
It then follows that for any e > e0, d > 0,∣∣∣∣∣∣
ℓR
κ(p)1/p
d
,x
(R
κ(p)1/pd ,x
/P[p
e])
p
edim(R
κ(p)1/p
d
,x
)
−
ℓR
κ(p)1/p
d
,x
(R
κ(p)1/pd ,x
/P[p
e+1])
p
(e+1) dim(R
κ(p)1/p
d
,x
)
∣∣∣∣∣∣
=
1
pe0δ
∣∣∣∣∣∣∣∣
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0 ]
⊗R
κ(p)1/p
d
G
)
p
(e−e0) dim(R
κ(p)1/p
d
,x
)
−
ℓR
κ(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e−e0+1]
⊗R
κ(p)1/p
d
G
)
p
(e−e0+1) dim(R
κ(p)1/p
d
,x
)
∣∣∣∣∣∣∣∣
≤
2C˜
p(e−e0)pe0δ
.
If p˜ ∈ Spec(A) corresponds to p ∈ Spec(A1/p
e0 ), then it is easy to see that
κ(p) = κ(p˜)1/p
e0
.
Moreover, all subscripts still denote tensor over A. Now suppose that d, e > e0. Then∣∣∣∣∣∣
ℓR
κ(p˜)1/p
d
,x
(R
κ(p˜)1/p
d
,x
/P[p
e])
p
edim(R
κ(p˜)1/p
d
,x
)
−
ℓR
κ(p˜)1/p
d
,x
(R
κ(p˜)1/p
d
,x
/P[p
e+1])
p
(e+1) dim(R
κ(p˜)1/p
d
,x
)
∣∣∣∣∣∣
=
∣∣∣∣∣∣
ℓR
κ(p)1/p
d−e0 ,x
(R
κ(p)1/p
d−e0 ,x
/P[p
e])
p
edim(R
κ(p)1/p
d−e0 ,x
)
−
ℓR
κ(p)1/p
d−e0 ,x
(R
κ(p)1/p
d−e0 ,x
/P[p
e+1])
p
(e+1) dim(R
κ(p)1/p
d−e0 ,x
)
∣∣∣∣∣∣ ≤ 2C˜pe−e0pe0δ .
Taking C := 4C˜
pe0(δ−1)
, Lemma 3.1.4 shows that (R,ϕ) satisfies UBPH-K with data (e0, e0). 
Remark 3.2.5. The same proof that appears above also shows that if ϕ is as in Setting 3.2.1 and F
is a finitely generated R-module, then (F , ϕ) satisfies UBPH-K with data (e0, e0). Indeed, choosing
e0 ≫ 0 and inverting 0 6= g ∈ A as in the proof of Theorem 3.2.2 so that (1)-(4) are true, we have
that F e0∗ (F) is a module over F
e0
∗ (R), hence also over RA1/pe0 and (RA1/pe0 )red. The rest of the
proof goes through after simply replacing F e0∗ (R) with F
e0
∗ (F) everywhere.
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4. BERTINI THEOREMS FOR HILBERT–KUNZ MULTIPLICITY
In this section we prove Bertini theorems for Hilbert–Kunz multiplicity. Specifically, we show:
Theorem 4.1. (c.f. [CRST17, Theorem 5.5]) Let k be an algebraically closed field of characteristic
p > 0. Suppose ψ : X → Pnk is a finite type morphism of k-schemes such that X is equidimen-
sional and ψ induces separably generated residue field extensions (for example, if ψ is a closed
embedding). Fix a real number λ ≥ 1. Then we have the following:
(1) If eHK(OX,x) < λ for all points x ∈ X, then for a general hyperplane H of P
n
k ,
eHK(Oψ−1(H),y) < λ,
for all y ∈ ψ−1(H).
(2) If ψ is a closed embedding, and eHK(X;λ) is the locus of x ∈ X such that eHK(OX,x) < λ,
then for a general hyperplane H of Pnk , we have
eHK(X ∩H;λ) ⊇ eHK(X;λ) ∩H.
(3) Suppose additionally that k is uncountable, and that eHK(OX,x) ≤ λ for all x ∈ X. Then
for a very general hyperplane H of Pnk ,
eHK(Oψ−1(H),y) ≤ λ
for all y ∈ ψ−1(H).
Our main tool will be the axiomatic framework developed in [CGM86]. We recall the three
axioms from loc. cit. for a local property P of locally Noetherian schemes.
(A1) Whenever ϕ : Y → Z is a flat morphism with regular fibers and Z is P then Y is P too.
(A2) Letϕ : Y → S be a finite type morphism where Y is excellent and S is integral with generic
point η. If Yη is geometrically P , then there exists an open neighborhood η ∈ U ⊆ S such
that Ys is geometrically P for each s ∈ U .
(A3) P is open on schemes of finite type over a field.
For the purpose of proving Bertini type theorems, the following weaker version of (A2) is sufficient:
(A2′) Letϕ : Y → S be a finite type morphism where Y is excellent and S is integral with generic
point η. If Yη is geometrically P , then there exists an open neighborhood η ∈ U ⊆ S such
that Ys is P for each s ∈ U .
In other words, Ys does not have to be geometrically P other than at the generic point of S.
The axiomatic framework yields Bertini type results for P in the following sense:
Theorem 4.2. Let ψ : X → Pnk be a finite type k-morphism with separably generated residue field
extensions, where k is an algebraically closed field. Let P be a local property of schemes.
(1) [CGM86, Theorem 1] Suppose X has a local property P satisfying (A1) and (A2′). Then
there exists a nonempty open subscheme U of (Pnk)
∗ such that ψ−1(H) has property P for
each hyperplane H ∈ U .
(2) [CGM86, Corollary 2] Suppose ψ is a closed embedding and P satisfies axioms (A1),
(A2′) and (A3). If P(X) denotes the locus of points ofX that satisfy P , then for a general
hyperplane H of Pnk , P(X ∩H) ⊇ P(X) ∩H .
Remark 4.3. [CGM86, Theorem 1 and Corollary 2] assume that P satisfies the stronger axiom
(A2) instead of (A2′). However, the proofs of the aforementioned results reveal that (A2′) is suf-
ficient, because we only seek for the hyperplane sections to be P and not geometrically P; see
Discussion 4.2.1 for more details.
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Fixing a real number λ ≥ 1, we will apply Theorem 4.2 to the following property of a Noetherian
local ring R:
PHK,λ := eHK(R) < λ. (4.1)
Definition 4.4. When we say a locally Noetherian scheme X is PHK,λ, we mean all local rings of
X satisfy PHK,λ. Similarly, when we say PHK,λ is open on X, we mean the locus of points of
X whose local rings satisfy PHK,λ is open. If X is locally of finite type over a field k of prime
characteristic, we say X is geometrically PHK,λ if for all field extensions K of k, XK is PHK,λ.
A result of Kunz immediately implies (A1) for property (4.1):
Theorem 4.5. [Kun76, Theorem 3.9] Let (A,m) →֒ (R, n) be a flat local extension of rings of
prime characteristic p > 0. If the closed fiber R/mR is a regular local ring, then
ℓA(A/m
[pe])
pedim(A)
=
ℓR(R/n
[pe])
pedim(R)
for all e > 0. In particular, eHK(A) = eHK(R).
Axiom (A3) follows from the following semi-continuity result of Smirnov:
Theorem 4.6. [Smi16, Corollary 24] Let R be a locally equidimensional ring. Moreover, suppose
that R is either F -finite or essentially of finite type over an excellent local ring. Then the function
eHK : Spec(R)→ R
is upper semi-continuous.
Thus for an equidimensional finite type scheme over a field (the only setting (A3) is applied in),
we get:
Corollary 4.7. Let k be a field of prime characteristic p > 0 and X be an equidimensional scheme
of finite type over k. Then for a fixed λ ≥ 1, the set eHK(X;λ) of x ∈ X such that eHK(OX,x) < λ
is open inX.
Proof. Since X is equidimesional and finite type over a field, X is biequidimensional and hence
locally equidimensional (Remark 2.5.2(2)). As the question is local on X, we may assume X is
affine, say X = Spec(A). Then A is locally equidimensional and of finite type over an excellent
local ring (namely k), and so, Theorem 4.6 implies that eHK(Spec(A);λ) is open. 
The proof of (A2′) for (4.1) takes more work, and will be the topic of the next subsection.
4.1. A local version of (A2′) for Hilbert–Kunz multiplicity. In this subsection we will prove
a local version of (A2′) for the property PHK,λ defined in (4.1) (see Theorem 4.1.2) using the
uniformity results from the Section 3. But first, we need a preliminary lemma.
Lemma 4.1.1. Let A →֒ R be a flat finite type map of F -finite rings of prime characteristic p > 0,
such that A is a domain with fraction field K . For a fixed e > 0, suppose that there is a surjective
RK1/p∞ -linear map
ϕ : R⊕be
K1/p
∞ ։ F e∗ (RK1/p∞ ) (4.2)
for some be > 0. Then there exists de > 0, 0 6= g ∈ A, and a surjective R
A
1/pe+de
g
-linear map
R⊕be
A
1/pe+de
g
→ F e∗ (Rg)⊗A1/p
e
g
A1/p
e+de
g (4.3)
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which tensors with ⊗
A
1/pe+de
g
K1/p
∞
to recover (4.2). Moreover, the same property holds for all
d > de.
Proof. We have F e∗ (RK1/p∞ ) = F
e
∗R ⊗A1/pe K
1/p∞ (here we use the fact that K1/p
∞
is perfect).
Let f1, . . . , fbe be the standard basis of R
⊕be
K1/p
∞ . Since
F e∗ (R)⊗A1/pe K
1/p∞ =
⋃
d>0
F e∗ (R)⊗A1/pe K
1/pe+d ,
there exists de > 0 such that ϕ(f1), . . . , ϕ(fbe) ∈ F
e
∗ (R)⊗A1/peK
1/pe+de . Consider theR
K1/p
e+de -
linear (hence also K1/p
e+de
-linear) map
ϕ˜ : R⊕be
K1/pe+de
→ F e∗ (R)⊗A1/pe K
1/pe+de
that sends fi 7→ ϕ(fi). Since
ϕ = ϕ˜⊗
K1/p
e+de K
1/p∞ ,
it follows that ϕ˜ is also surjective by faithfully flat base change. AsK1/p
e+de
is the fraction field of
A1/p
e+de
, it is then easy to check that there exists g ∈ A such that restricting ϕ˜ to R⊕be
A1/pe+de
, the
images of f1, . . . , fde all lie in some F
e
R(R) ⊗A1/pe A
1/pe+de
g = F e∗ (Rg) ⊗A1/p
e
g
A
1/pe+de
g and the
induced map of R
A
1/pe+de
g
-modules
R⊕de
A
1/pe+de
g
→ F e∗ (R)⊗A1/p
e
g
A1/p
e+de
g , (4.4)
is surjective. It recovers ϕ upon tensoring by ⊗
A
1/pe+de
g
K1/p
∞
by construction.
The assertion for d > de follows by right exactness of tensor products upon tensoring the map in
(4.4) by ⊗
A
1/pe+de
g
A
1/pe+d
g . 
Recall that for an F -finite Noetherian ring R of prime characteristic p > 0,
γ(R) = max{logp[κ(q)
1/p : κ(q)] : q ∈ Min(R)},
and ifM is a finitely generated R module, then the global Hilbert–Kunz multiplicity ofM is
eHK(M) = lim
e−→∞
µR(F
e
∗ (M))
peγ(R)
.
We can now prove the local version of (A2′) for PHK,λ up to an equidimensionality assumption
on the generic fiber. Note that the generic fiber to which (A2′) is applied will be equidimensional
provided X is equidimensional (see Proposition 4.2.4), hence this is a harmless assumption.
Theorem 4.1.2. (c.f. [CRST17, Theorem 4.10]) Let ϕ : A →֒ R be a finite type map of F -finite
rings of prime characteristic p > 0. Suppose A is a domain with fraction field K and the generic
fiber RK is equidimensional.
(1) There exists g ∈ A − {0} such that for any p ∈ D(g), d ≥ 0, q ∈ Min(RK1/p∞ ) and
P ∈ Min(R
κ(p)1/pd
),
[κ(P)1/p : κ(P)] = [κ(p)1/p : κ(p)][κ(q)1/p : κ(q)].
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Moreover, for any y ∈ Spec(RK1/p∞ ), x ∈ Spec(Rκ(p)1/pd ), if α := logp[κ(p)
1/p : κ(p)],
then
γ(R
κ(p)1/pd
) = γ(R
κ(p)1/pd ,x
) = α+ γ(RK1/p∞ ) = α+ γ(RK1/p∞ ,y).
(2) Given e > 0, there exists a de > 0 and an open D(g) ⊆ Spec(A) such that for all d ≥ de
and for all p ∈ D(g),
µR
κ(p)1/d
(
F e∗ (Rκ(p)1/d)
)
≤ [κ(p)1/p
e
: κ(p)]µR
K1/p
∞
(
F e∗ (RK1/p∞ )
)
.
(3) If eHK(RK1/p∞ ) < λ, then there exists an open D(g) ⊆ SpecA and d0 > 0 such that for
all p ∈ D(g), d ≥ d0, x ∈ Spec(Rκ(p)1/pd ),
eHK(Rκ(p)1/pd ,x) < λ.
If L/κ(p) is finite purely inseparable, then for all y ∈ Spec(RL), eHK(RL,y) < λ.
(4) If eHK(RK1/p∞ ) < λ, then there exists an open D(g) ⊆ SpecA such that for all p ∈ D(g),
all finitely generated field extensions L/κ(p) and all y ∈ Spec(RL),
eHK(RL,y) < λ.
Proof. A has a non-empty regular locus because it is a domain. Thus, after localizing ϕ at a suitable
element of g ∈ A, we may assume, as in the proof of Theorem 3.1.8 that
• Ag is a regular domain,
• all fibers of ϕg are equidimensional (via Corollary 2.6.4), and
• Rg is a faithfully flat Ag-algebra which is module finite over Ag[t1, . . . , tδ] (via generic
freeness and Noether normalization). Here t1, . . . , tδ ∈ Rg are algebraically independent
over Ag, and δ = dim(Rg)− dim(Ag) = dim(R)− dim(A).
In particular, since Ag[t1, . . . , tδ ] is regular, the module-finite inclusion Ag[t1, . . . , tδ] →֒ Rg splits
by the Direct-Summand Theorem. Then for all p ∈ D(g), Rκ(p) is an equidimensional, module
finite extension of the polynomial ring κ(p)[t1, . . . , tδ]. In particular, dim(Rκ(p)) = δ, for all
p ∈ D(g). With these simplifications, we can now prove the theorem.
(1) Let q be a minimal prime of RK1/p∞ . Observe that RK1/p∞ is equidimensional, since it is a
purely inseparable extension of the equidimensional ring RK . Moreover, RK1/p∞ is module finite
over K1/p
∞
[t1, . . . , tδ], and so, dim(RK1/p∞ ) = δ. Then by Proposition 2.5.4.2(5) applied to the
finite extension K1/p
∞
[t1, . . . , tδ]→ RK∞ , we get
[κ(q)1/p : κ(q)] = [(K1/p
∞
(t1, . . . , tδ))
1/p : K1/p
∞
(t1, . . . , tδ)] = p
δ. (4.5)
Thus, γ(RK1/p∞ ) = δ, because q is an arbitrary minimal prime of Spec(RK1/p∞ ). Now for any
y ∈ Spec(RK1/p∞ ), the minimal primes of RK1/p∞ ,y correspond to certain minimal primes of
RK1/p∞ and have the same residue fields. Thus,
γ(RK1/p∞ ,y) = γ(RK1/p∞ ) = δ (4.6)
Similarly, let P be a minimal prime of Spec(R
κ(p)1/p
d ), for p ∈ D(g) and d ≥ 0. Since
R
κ(p)1/pd
is equidimensional of dimension δ, applying Proposition 2.5.4.2(5) to the finite exten-
sion κ(p)1/p
d
[t1, . . . , tδ] →֒ Rκ(p)1/pd , we get
[κ(P)1/p : κ(P)] = [(κ(p)1/p
d
(t1, . . . , tδ))
1/p : κ(p)1/p
d
(t1, . . . , tδ)]
[(κ(p)1/p
d
)1/p : κ(p)1/p
d
]pδ
(4.5)
= [κ(p)1/p : κ(p)][κ(q)1/p : κ(q)].
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Moreover, P is an arbitrary minimal prime of Spec(R
κ(p)1/pd
). So for any x ∈ Spec(R
κ(p)1/pd
),
we have
γ(Rκ(p),x) = γ(Rκ(p))
(4.5)
= logp[κ(p)
1/p : κ(p)]+ δ
(4.6)
= α+γ(RK1/p∞ )
(4.6)
= α+γ(RK1/p∞ ,y).
This proves (1).
(2) Let be := µR
K1/p
∞
(
F e∗ (RK1/p∞ )
)
. Then there exists a surjective RK1/p∞ -linear map
R⊕be
K1/p
∞ ։ F e∗ (RK1/p∞ ).
For the given e, choose g ∈ A and de ∈ N as in Lemma 4.1.1. Then for all d ≥ de we obtain
R
A
1/pe+d
g
-linear surjections
R⊕be
A
1/pe+d
g
։ F e∗ (Rg)⊗A1/p
e
g
A1/p
e+d
g .
Let p ∈ D(g), and p˜ be the prime ideal ofA
1/pe+d
g corresponding to p. Then κ(p˜) = κ(p)1/p
e+d
. Ap-
plying ⊗
A
1/pe+d
g
κ(p)1/p
e+d
to the above surjection then gives a surjective R
κ(p)1/pe+d
-linear (hence
also R
κ(p)1/p
d -linear) map
R⊕be
κ(p)1/p
e+d ։ F
e
∗ (Rg)⊗A1/p
e
g
κ(p)1/p
e+d
. (4.7)
However, one has R
κ(p)1/p
d -linear isomorphisms
F e∗ (Rg)⊗A1/p
e
g
κ(p)1/p
e+d ∼= F e∗ (Rg ⊗Ag κ(p)
1/pd) =: F e∗ (Rκ(p)1/pd ),
and
R
κ(p)1/p
e+d
∼= R
⊕[κ(p)1/p
e
:κ(p)]
κ(p)1/pd
.
Hence, (4.7) can be identified with a R
κ(p)1/pd
-linear surjection
R
⊕[κ(p)1/p
e
:κ(p)]be
κ(p)1/pd
։ F e∗ (Rκ(p)1/pd ).
Thus, for all d ≥ de and p ∈ D(g),
µR
κ(p)1/p
d
(
F e∗ (Rκ(p)1/pd )
)
≤ [κ(p)1/p
e
: κ(p)]be = [κ(p)
1/pe : κ(p)]µR
K1/p
∞
(
F e∗ (RK1/p∞ )
)
,
as desired.
(3) Since
lim
e−→∞
µR
K1/p
∞
(
F e∗ (RK1/p∞ )
)
peγ(RK1/p∞ )
= eHK(RK1/p∞ ) < λ,
there exists ǫ > 0 small enough such that for all e≫ 0, we have
µR
K1/p
∞
(
F e∗ (RK1/p∞ )
)
peγ(RK1/p∞ )
< λ− 2ǫ.
Indeed, one can choose ǫ = (λ− eHK(RK1/p∞ ))/4.
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Choose g such that it simultaneously satisfies the conclusion of part (1) of this Theorem, and
such that there exist constants C, e0 > 0 so that for all d, e > e0, p ∈ D(g), x ∈ Spec(Rκ(p)1/pd ),∣∣∣∣∣∣∣∣eHK
(
R
κ(p)1/p
d
,x
)
−
ℓR
k(p)1/p
d
,x
(
R
κ(p)1/p
d
,x
P[p
e]
)
p
edim
(
R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣∣ =∣∣∣∣∣∣∣eHK
(
R
k(p)1/pd ,x
)
−
µR
k(p)1/p
d
,x
(
F e∗
(
R
k(p)1/pd ,x
))
p
eγ(R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣ ≤
C
pe
where the equality above follows from Lemma 2.3.1. Such a g exists by Theorem 3.2.2 because the
pair (R,ϕ) satisfies UBPH-K with data (e0, e0), for some e0 > 0.
Now pick e1 ≫ e0 such that
µR
K1/p
∞
(
F e1∗ (RK1/p∞ )
)
pe1γ(RK1/p∞ )
< λ− 2ǫ, (4.8)
and for all d > e0, p ∈ D(g), x ∈ Spec(Rκ(p)1/pd ),∣∣∣∣∣∣∣eHK
(
R
k(p)1/pd ,x
)
−
µR
k(p)1/p
d
,x
(
F e1∗
(
R
k(p)1/pd ,x
))
p
e1γ(R
k(p)1/p
d
,x
)
∣∣∣∣∣∣∣ ≤
C
pe1
< ǫ. (4.9)
For this choice of e1, replacing D(g) by a smaller open set, we may assume by part (2) of this
Theorem that there exists
de1 > e0
such that for any p ∈ D(g) and d ≥ de1 ,
µR
κ(p)1/p
d
(
F e1∗ (Rκ(p)1/pd )
)
≤ [κ(p)1/p
e1
: κ(p)]µR
K1/p
∞
(
F e1∗ (RK1/p∞ )
)
. (4.10)
Note that since F e∗ commutes with localization, for any d ≥ de1 , x ∈ Spec(Rκ(p)1/pd ) right exact-
ness of tensor products gives us
µR
κ(p)1/p
d
,x
(
F e1∗ (Rκ(p)1/pd ,x)
)
≤ µR
κ(p)1/p
d
(
F e1∗ (Rκ(p)1/pd )
)
. (4.11)
Since g satisfies the conclusion of (1), we have
γ(R
κ(p)1/p
d
,x
) = logp[κ(p)
1/p : κ(p)] + γ(RK1/p∞ ),
and so,
µR
κ(p)1/p
d
,x
(
F e1∗ (Rκ(p)1/pd ,x)
)
p
e1γ(Rκ(p)1/p,x)
(4.11),(4.10)
≤
µR
K1/p
∞
(
F e1∗ (RK1/p∞ )
)
pe1γ(RK1/p∞ )
(4.8)
< λ− 2ǫ.
Note that for the first inequality we are also using the fact that [κ(p)1/p
e1 : κ(p)] = [κ(p)1/p :
κ(p)]e1 . Finally, (4.9) and the triangle inequality shows that for all d ≥ de1 , x ∈ Spec(Rκ(p)1/pd )
eHK
(
R
k(p)1/p
d
,x
)
< λ− ǫ < λ.
Now just take d0 := de1 .
28 RANKEYA DATTA AND AUSTYN SIMPSON
Suppose L is a finite purely inseparable extension of κ(p). Choose d ≫ d0 such that L embeds
in κ(p)1/p
d
. Thus, we have a faithfully flat map RL →֒ Rκ(p)1/pd . Let y ∈ Spec(RL) and choose
x ∈ Spec(R
κ(p)1/p
d ) lying over y. Then we have a faithfully flat local map of Noetherian rings
RL,y →֒ Rκ(p)1/pd ,x.
By Lech-type inequality for Hilbert–Kunz multiplicity (Theorem 2.2.2),
eHK(RL,y) ≤ eHK(Rκ(p)1/pd ,x) < λ.
This completes the proof of (3).
(4) Choose g so that the conclusion of part (3) is satisfied. By [DM19, Lemma 4.8], we have a
Hasse diagram
k2
L k1
κ(p)
of finitely generated field extensions such that κ(p) ⊆ k1 is a finite purely inseparable extension
and k1 ⊆ k2 is a finitely generated separable extension. By part (3), for all x ∈ Spec(Rk1)
eHK(Rk1,x) < λ.
Since Rk1 → Rk2 is a faithfully flat map with geometrically regular fibers (it is the base change of
a finitely generated separable extension), [Kun76, Theorem 3.9] shows that for any y ∈ Spec(Rk2),
if y lies over x ∈ Spec(Rk1), then
eHK(Rk2,y) = eHK(Rk1,x) < λ.
Finally, because RL →֒ Rk2 is also faithfully flat, for any y ∈ Spec(RL) if we choose y
′ ∈
Spec(Rk2) such that y
′ lies over y, then by Theorem 2.2.2 we have eHK(RL,y) ≤ eHK(Rk2,y′) <
λ. 
Remark 4.1.3. The affine analogue of axiom (A2′) is precisely part (3) of Theorem 4.1.2, modulo
the equidimensionality assumption on the generic fiber. Furthermore, part (4) shows that the general
fibers are close to being geometrically PHK,λ. Note that we use the term ‘geometrically PHK,λ’
in the strongest sense, that is, PHK,λ should be preserved under arbitrary base field extensions
and not just finitely generated ones (Definition 4.4). This is primarily because Theorem 4.1.2 uses
the behavior of eHK after passing to the perfection K
1/p∞ , which is not a finitely generated field
extension ofK ifK is not perfect.
4.2. Proof of Bertini theorems for Hilbert–Kunz multiplicity.
Discussion 4.2.1. We now turn to the technical aspects of the work of [CGM86]. In what follows,
let
ψ : X → Pnk
be a morphism of finite type k = k-schemes with separably generated residue field extensions, and
suppose X is PHK,λ. Let Z be the reduced closed subscheme of P
n
k ×k (P
n
k)
∗ obtained by taking
the closure of the set
{(x,H) ∈ Pnk ×k (P
n
k)
∗ | x ∈ H,H is a hyperplane}.
HILBERT–KUNZ MULTIPLICITY OF FIBERS AND BERTINI THEOREMS 29
We have the following commutative diagram:
Y := X ×Pnk Z Z
(Pnk)
∗ Pnk ×k (P
n
k)
∗
X Pnk
σ
γ
ρ
pi
pi′
ψ
(4.12)
where σ, γ π and π′ are the projections and ρ = π ◦ σ. When using (A2′) in the proof of Theorem
4.2, one applies it to the finite type map
ρ : Y → (Pnk)
∗ := S.
This is because a closed fiber of ρ is precisely ψ−1(H), for a suitable hyperplane H of Pnk . Thus,
if one knows that the generic fiber of ρ is geometrically PHK,λ, then a general closed fiber of ρ
(equivalently, a general hyperplane section of ψ) will be PHK,λ by (A2
′), proving Bertini.
That the generic fiber of ρ is geometrically PHK,λ follows by the proof of Theorem 4.2(1) in
which Cumino, Greco and Manaresi show that if η is the generic point of (Pnk)
∗, then for any field
extension L/κ(η), one has an induced map
Yκ(η) ⊗κ(η) L→ X
with regular fibers. The fact that Yκ(η)⊗κ(η)L isPHK,λ now follows by (A1) becauseX is PHK,λ.
Theorem 4.1.2 additionally shows that provided Yκ(η) is equidimensional, ρ satisfies (A2
′) as
long as Yκ(η) ⊗κ(η) L is PHK,λ for the single field extension
L = κ(η)1/p
∞
.
In particular, since k = k, this shows that all schemes involved in applying Theorem 4.2 to prove
Bertini for PHK,λ are F -finite. Thus, one may replace “excellent” in the statement of (A2
′) with
“F -finite.” Finally, to finish the proof of Theorem 4.1, it remains to show that Yκ(η) is equidimen-
sional when X is equidimensional. This is done in Proposition 4.2.4. 
We will need the following two lemmas to show equidimensionality of Yκ(n), the first of which
is a general topological fact about Jacobson spaces.
Lemma 4.2.2. Let U be an irreducible scheme of finite type over a field with generic point η. If
Z ⊆ U is a constructible set containing all closed points of U , then η ∈ Z .
Proof. Since Z is constructible, write Z = (V1 ∩O1) ∪ · · · ∪ (Vn ∩On), where Vi ⊆ U are closed
and Oi ⊆ U are open. By hypothesis, the closed set V1 ∪ · · · ∪ Vn contains all the closed points of
U , and hence must equal U because U is Jacobson. Thus, η ∈ V1 ∪ · · · ∪ Vn, so without loss of
generality assume η ∈ V1. Since U is irreducible, this shows V1 = U , and so, V1 ∩ O1 = O1 is an
open set contained in Z . But any open set of an irreducible scheme contains the generic point, so
η ∈ O1 ⊆ Z , as claimed. 
Lemma 4.2.3. Let ψ : X → Pnk be a finite type map of k-schemes, where k is an algebraically
closed field. Suppose X is equidimensional. Then for a general hyperplane H ⊂ Pnk , ψ
−1(H) is
equidimensional of dimension dim(X) − 1.
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Proof. Since X is equidimensional and of finite type over a field k, X is biequidimensional. We
first claim that if D ⊂ X is a Cartier divisor on X (that is a locally principal closed subscheme,
cut out locally by a nonzerodivisor), then D is equidimensional and dim(D) = dim(X) − 1. To
see this, we may assume without loss of generality that X is affine, say X = Spec(A). Then A
is biequidimensional by Remark 2.5.2(2), hence satisfies the dimension formula (Remark 2.5.2(1)).
That is, for any prime ideal p of A, we have
ht p+ dim(A/p) = dim(A). (4.13)
So now assume f ∈ A is a nonzerodivisor. We want to show that A/fA is equidimensional of
dimension = dim(A) − 1. By Krull’s Principal Ideal Theorem, if p is a prime ideal of A that is
minimal over f , then ht p = 1. Hence dim(A/p) = dim(A)− 1 using (4.13). But A/p is precisely
an irreducible component of A/fA, so we are done.
Now consider the finite type map ψ : X → Pnk . Since a hyperplane is a Cartier divisor on P
n
k , by
[Sta19, Tag 02OO, part (4)], ifH is a hyperplane that does not contain the images of any associated
points of X (of which there are only finitely many since X is a quasi-compact), then ψ−1(H) is a
Cartier divisor on X. Then by the previous paragraph, ψ−1(H) is equidimensional of dimension
= dim(X) − 1. 
The proof that Yκ(η) = ρ
−1(η) is equidimensional is now fairly straightforward.
Proposition 4.2.4. If ψ : X → Pnk is a finite type morphism of k-schemes, where k is an alge-
braically closed field. If X equidimensional, then the generic fiber ρ−1(η) from Diagram (4.12) is
also equidimensional.
Proof. Observe that a closed point x ∈ (PnK)
∗ corresponds to a hyperplane H in Pnk , and ρ
−1(x) ≃
ψ−1(H). Thus, since X is equidimensional, Lemma 4.2.3 implies that there exists an open set
U ⊆ (Pnk)
∗ such that for all closed points x ∈ U , the fiber of
ρ−1(U)
ρ
−→ U
over x is equidimensional of dimension = dim(X) − 1. Then applying Proposition 2.6.3 with
Φ = {dim(X)− 1}, we see that the set
Z := {u ∈ U : ρ−1(u) is equidimensional of dimension = dim(X)− 1}
is a constructible subset of the open subvariety U that contains all the closed points of U . Then Z
also contains the generic point η by Lemma 4.2.2, and so, ρ−1(η) is equidimensional of dimension
= dim(X) − 1. 
Proof of Theorem 4.1. Recall that a finite type scheme X over a field k is PHK,λ if eHK(OX,x) <
λ, for all x ∈ X.
Part (1) follows by Discussion 4.2.1 now that we also have that the generic fiber of ρ is equidi-
mensional when X is equidimensional by Proposition 4.2.4.
(2) Suppose X is a closed subscheme of Pnk . Since X is equidimensional, the locus
U := eHK(X;λ)
is open in X by Corollary 4.7. Moreover, U is equidimensional because X is equidimensional.
Therefore by part (1) of this theorem applied to the locally closed embedding U →֒ Pnk , if H is a
general hyperplane of Pnk , then
eHK(U ∩H;λ) = U ∩H = eHK(X;λ) ∩H,
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where the second equality follows by the defintion of U . Then (2) follows by the fact that eHK(X ∩
H;λ) ⊇ eHK(U ∩H;λ), because U ∩H is an open subscheme of X ∩H .
(3) Suppose eHK(OX,x) ≤ λ, for all x ∈ X. By part (1) of this theorem, for each m ∈ N there
exists an open set Um ⊂ (P
n
k)
∗, such that for every hyperplane H ∈ Um and every y ∈ ψ
−1(H),
eHK(Oψ−1(H),y) < λ+
1
m
.
Taking a hyperplane H ∈
⋂
m Um then implies part (3). Note that a very general hyperplane exists
because the ground field is uncountable; see for example [Liu02, Chapter 2, Exercise 2.5.10]. 
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